In the paper we propose a new synchronization principle. To guarantee synchronization between coupled chaotic oscillators, proper coupling constants are selected by the Liapunov stability theory and Hurwitz Theorem. As an example and application, we prove the conjecture [Wu & Chua, 1994] that synchronization between two chaotic Chua's circuits can be achieved by using the second state as feedback variable for sufficiently large coupling constant.
Introduction
Increasing interest has been generated in chaotic synchronization and its practical applications in different fields, particularly in communications [Ogorzalek, 1993; Pecora et al., 1997; Kolumban et al., 1997] since Pecora and Carroll's observation about the possibility of synchronizing two chaotic systems in the so-called drive-response configuration [Pecora & Carroll, 1990] . In the studies of chaotic synchronization, Chua's circuit plays an important role since it is an extremely simple system and yet exhibits the complex dynamics of bifurcation and chaos. Synchronization of two coupled Chua's circuits has been studied through linear coupling or feedback [Chua et al., 1993; Wu & Chua, 1994; Chua et al., 1996] , among many other approaches. In particular, it was proved in [Wu & Chua, 1994 ] that synchronization of two Chua's circuits with the first state as the feedback variable can be achieved when the coupling constant is large enough. In the same paper, they also conjectured, based on simulations, that synchronization of two Chua's circuits with the second state as the feedback variable can be achieved when the coupling constant is large enough. To make synchronization of two Chua's circuits, the second state as the coupling variable is more significant than the first state as the coupling variable from the view of the security of communications. However, rigorous argument to the conjecture has not been given so far to our knowledge. Wang et al. [1999] studied this problem by nonlinear observer design methods. They only found an interval of the coupling constant, in which two Chua's circuits with coupled second variable were indeed synchronized, but they did not exactly find a universal threshold c * > 0 such that two Chua's circuits with coupled second variable were synchronized for any coupling constant c > c * . In this paper, we present a new principle of two coupled chaotic oscillators to guarantee synchronization by using the Liapunov stability method and Hurwitz theorem. As an example and application of the new principle, we prove that the above conjecture is right. This paper is organized as follows. In Sec. 2 we present a new synchronization principle. In Sec. 3 we apply the new synchronization principle to coupled Chua's circuits. In Sec. 4, we give some concluding remarks.
A New Synchronization Principle
Consider two coupled chaotic systems described bẏ
where x andx are n-dimensional state variables of the master system (1) and the slave system (2) respectively, c(> 0) is the coupling constant, and
where k i (i = 1, 2, . . . , n) is constant, A is a n × n matrix and φ(x) ∈ R n is a n-dimensional nonlinear continuous function satisfying the Lipschitz condition φ(x) − φ(x) ≤ ρ x −x , constant ρ is called the Lipschitz constant, · denotes the Euclidean norm. With respect to systems 1 and 2, we have the following result:
Theorem 1. Let E be n × n unit matrix and {λ i } n i=1 be the eigenvalues of the symmetric matrix
< 0, then the master system (1 ) and the slave system (2) are synchronized in the sense that the synchronization error e = x −x tends to zero asymptotically:
Proof. Consider the error equationṡ
Assume that the symmetric matrix ((A − cK) + (A − cK) T )/2 + ρE is similar to
/2 e 2 , we will calculate the derivative of V along trajectories of the system (3),
< 0 for all e = 0 .
Then V (e) → 0 as t → ∞, which means that e → 0 as t → ∞.
If the form of nonlinear function φ(x) is taken as
where |ϕ(x 1 ) − ϕ(x 1 )| ≤ ρ|x 1 −x 1 |, we have the following result.
be the eigenvalues of the symmetric matrix ((A − cK) + (A − cK) T )/2+ρB, if max{λ i } n i=1 < 0, then the master system (1) and the slave system (2) are synchronized in the sense specified above, where
is a n × n matrix with only a nonzero element 1.
In order to make synchronization of systems (1) and (2), we only need to choose c such that the eigenvalues of the symmetric matrix ((A − cK) + (A − cK) T )/2 + ρE (((A − cK) + (A − cK) T )/2 + ρB) are less than zero by Theorem 1 (Corollary 1). Fortunately, it can be finished by the Hurwitz's theorem below. 
with real coefficients is the positivity of all the principal diagonals of the minors of the Hurwitz matrix,
The Hurwitz theorem is practicable for small n. Polynomials of the second, third and fourth degrees are used as examples to illustrate the application of this Theorem:
The Hurwitz conditions reduce to a 1 > 0 and a 2 > 0.
(ii) λ 3 + a 1 λ 2 + a 2 λ + a 3 .
The Hurwitz conditions reduce to a 1 > 0, a 2 > 0, a 3 > 0 and a 1 a 2 − a 3 > 0.
(iii) λ 4 + a 1 λ 3 + a 2 λ 2 + a 3 λ + a 4 .
The Hurwitz conditions reduce to a 1 > 0, a 2 > 0, a 3 > 0, a 4 > 0 and a 1 a 2 a 3 − a 2 3 − a 2 1 a 4 > 0.
Application to Coupled Chua's Circuits
The dimensionless form of two Chua's circuits with coupled second variable is described by
and
where f (·) is a piecewise-linear function
where α > 0, β > 0, γ > 0 and a < b < 0. Using notation defined in Sec. 2, we have
The Lipschitz constant of f (x 1 ) is ρ = −a, i.e.
In this study, the system parameters are chosen to be α = 10.0000, β = 15.0000, γ = 0.0385 a = −1.2700, b = −0.6800.
5.5000 0.0000 5.5000 −1.0000 − c −7.0000 0.0000 −7.0000 −0.0385
|λE −M | = λ+8.7300 −5.5000 0.0000 −5.5000 λ+1.0000 +c 7.0000 0.0000 7.0000 λ+0.0385
i.e. By virtue of Corollary 1, system (7) and system (8) are indeed synchronized for any coupling constant c > 1275.2112. Figure 1 shows the simulation result of the synchronization of (7) and (8) with c = 1300.0000.
Conclusion
In this paper, we propose a new principle for synchronization of coupled chaotic oscillators by the Liapunov stability theory and Hurwitz Theorem. As an application example of this principle, we have proven the conjecture that synchronization of two coupled Chua's circuits with coupled second variable can be achieved provided that the coupling constant is enough large.
